Rodman and Shalom present in Linear Algebra Appl. 168221449 (1992) two completion conjectures for partial upper triangular matrices. In this paper we show that one of them is not true in general, and we prove its validity for some particular cases. We also prove the equivalence between the two conjectures in the case of partial Hessenherg matrices. 0 Elsevier Science Inc., 1997
INTRODUCTION
We consider n X n matrices A = [a,] over a field F. A matrix is said to be a partial matrix if some of its entries are given elements from the field F, while the rest of them can be arbitrarily chosen and are treated as free independent variables. If those last elements are fixed, the resultant matrix is called a completion A, of the matrix A. We are interested in partial upper triangular matrices, namely, partial matrices A = [a,jl where the given elements are aij, i <j. For this sort of matrices some completion problems have been studied. For example, problems related to the rank of the matrix can be found in [7] , eigenvalues in [l, 71, Jordan form in [2, , and controllability of linear1 systems in 13, 41.
Let A be a partial matrix. We denote by r(A) the minimal rank of all possible completions of A, that is, r(A) = minAC rank A,, where the minimum is taken over all possible completions of A. Moreover, for any positive integer k, we denote r( Ak) = minAC rank Ai, where the minimum is again taken over all possible completions of A.
Rodman and Shalom give in [7] some open completion problems. In the first one, they work with lower irreducible matrix A, namely a matrix such that all its k X (n -k) submatrices [aij]fC rJCk+ i are nonzero for k = 1,2,. . . , n -1. The second one is a generalization of the first for lower reducible matrices with irreducible blocks, and the last one is related to a general partial upper triangular matrix A. Now we describe those problems. Note that the right hand side of (1) is the rank of Ai provided that A, is a nilpotent completion of A with the described Jordan form. The necessity of (1) is therefore evident, as was pointed out in 171.
In relation to this conjecture Krupnik has recently proved in [51 that it is possible to obtain a completion of a partial upper triangular matrix with prescribed geometric multiplicities. CONJECTURE 2. Let A be a partial upper triangular n X n matrix over F such that there exists a nilpotent completion A, of A with s Jordan blocks of sizes ni X n1 with nl > n2 2 *** > n, > 1. Then, for every sequence of integers m, > ms > +*a > m, > 1 which is a majorization of the nonincreasing sequence ni > np > *** 3 n,, there exists a nilpotent completion of A whose Jordan form consists of t blocks of sizes m, X mi, i = 1,2,. . . , t.
Rodman and Shalom [7] solved Conjecture 1 in some particular cases: r(A) = 1 or n < 4; and they also proved that Conjecture 2 is true with some restrictions that include partial Hessenberg matrices [7] .
In [8] we prove that the first conjecture is true for n = 5. The report [8] is available upon request. In Section 2 we show that this conjecture is not always true, giving a counterexample for matrices of size n = 6 and generalizing it for n > 6. In Section 3 we give some results related to the mentioned conjecture by imposing some restrictions on the ni.
On the other hand, we prove in Section 4 the equivalence between the first and second conjectures for partial Hessenberg matrices, and then we state that the first conjecture is true for this kind of matrices.
We denote by ]k(h) the k X k Jordan block corresponding to the eigenvalue h, and by A, 8 *** blocks are A,, . . . , A,.
@ A, the block diagonal matrix whose diagonal
A COUNTEREXAMPLE
As we have commented in the introduction, the first conjecture has been solved for n < 5 (see [7, 81) . In order to prove that the conjecture is not true in general, we construct a lower irreducible partial upper triangular matrix A of size 6 X 6 with trace zero satisfying the condition (11, but having no nilpotent completion A, whose Jordan form consists of three blocks of sizes ni x n, where ni = 4, n2 = 1, and ns = 1. In a natural way we obtain from A a matrix of size n X n, n > 6, for which the conjecture is not true either. It is easy to see that the set (0, 0, 0, -1, (1 + 4x)/2) is the spectrum of A',. This is not possible, since A', is a nilpotent matrix.
It is possible to extend this counterexample to the general n X n case with n > 6. We consider the following n X n irreducible partial upper triangular matrix with trace zero: 
NILPOTENT COMPLETIONS
We now study some particular cases related to the mentioned conjecture.
PROPOSITION 3.1. Let A be an n x n partial triungular matrix with trace A =O. L&n, >/n,> *a. > nP > 1 be a set of positive integers such that IQ'_, ni = n, p > 1, and n1 = n2 = --* = n, > n,+l, s < p. Since CL= s + i m, = n -snl, from (2) we obtain p 2 r.
??
We note that if p = s + 1 and the matrix A satisfies the conditions of statement (b), then the Jordan form of the completion A, is totally known.
PARTIAL HESSENBERG MATRICES
In order to clarify our next result we recall some concepts: Let k, > k, > .a. B k, and 9i > 9s > .** > 9t be two nonincreasing sequences of positive integers with s, t z 1. We say that {kJ,f= 1 mujorizes {9$= 1 (denoted
It follows immediately that s < t. The matrix A is lower similar to the matrix B if there exists a lower triangular matrix S such that A = SBS'.
A partial Hessenberg matrix is a partial triangular matrix such that all the diagonals strictly above the first superdiagonal are null. It is clear that every Jordan partial matrix is also a partial Hessenberg matrix, but the converse is not true.
Let A be an n X n partial Hessenberg matrix, and let ui, . . . , a,_ 1 be the first superdiagonal of A . If a,,, . , . , a,,_, are the zero entries of the first superdiagonal of A (ii < 0.. < ir_l), we define the index sequence of A as the ordered sequence of numbers {9i = ii, 9, = i, -i,, . . . , 9r = n -i,_ ,I. If all the aj, j = 1,2,. . . , n -1, are nonzero, we call n the index of A.
Let us consider a partial Hessenberg matrix A partitioned as a block matrix such that the diagonal blocks do not contain the null elements a, i + 1. We would like to thank Professor R. Bru for some helpful discussions on parts of this work.
